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Abstract: The equation of state provided by effective models of strongly interacting matter should
comply with the restrictions imposed by current astrophysical observations of compact stars. Using
the equation of state given by the (axial-)vector meson extended linear sigma model, we determine
the mass–radius relation and study whether these restrictions are satisfied under the assumption that
most of the star is filled with quark matter. We also compare the mass–radius sequence with those
given by the equations of state of somewhat simpler models.
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1. Introduction
A lot of theoretical and experimental effort is devoted to study the strong interaction under
extreme conditions. The experiments ALICE [1] at CERN, and PHENIX [2] and STAR [3] at RHIC
explored the strongly interacting matter at low density and high temperature. In this region the
situation is also satisfactory on the theoretical side; however, lattice calculations applicable at low
density cannot yet be used at high densities [4]. Hence, effective models are needed in the high density
region where the existing experimental data (NA61 [5] at CERN, BES/STAR [3] at RHIC) are scarce and
have rather bad statistics. Soon to be finished experimental facilities (NICA [6] at JINR and CBM [7] at
FAIR) are designed to explore this region more precisely.
For studying the cold, high density matter, new experimental information emerged in the past
decade in a region of the phase diagram that is inaccessible to terrestrial experiments: The properties
of neutron stars [8–10]. Since the Tolman–Oppenheimer–Volkoff (TOV) equations [11,12] provide a
direct relation between the equation of state (EoS) of the compact star matter and the mass–radius
(M–R) relation of the compact star, these data can help to select those effective models, used to describe
the strongly interacting matter, whose predictions are consistent with compact star observables.
For example, the EoS must support the existence of a two-solar-mass neutron star [13,14]. For the
radius, we have less stringent constraints. Bayesian analyses provide some window for the probable
values for compact star radii [15–19]. Based on these studies, in this paper we are adopting a radius
window of 11.0–12.5 km for compact stars with masses of 2 M. The NICER experiment [9,20] will
provide very precise data on the masses and radii of neutron stars simultaneously.
Based on the above considerations, we investigate mass–radius sequences given by the EoS
obtained in [21] from the N f = 2 + 1 flavor extended linear sigma model introduced in [22]. The
model used here should be undoubtedly regarded in this context as a very crude approximation and
the present work has to be considered only as our first attempt to study the problem. This is because
the model, which is built on the chiral symmetry of QCD, contains constituent quarks and therefore
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does not describe a realistic nuclear matter which is expected to form the crust of the compact star.
The model is only applicable to some extent under the assumptions that at high densities nucleons
dissolve into a sea of quarks and a large part of the compact star is in that state. In other words we
investigate here a quark star instead of a neutron or a hybrid star, which would be more realistic.
The study in [23] showed that a pure quark star of mass ∼2 M can be achieved in a mean-field
treatment of the N f = 2+ 1 linear sigma model if the Yukawa coupling between vector and quark
fields is large enough. In the two flavor Nambu–Jona-Lasinio model, inclusion of eight-order quark
interaction in the vector coupling channel also resulted in the stiffening of the quark equation of
state [24,25]. Recently, the existence of quark-matter cores inside compact stars was investigated also
in [15,26]. It was found in [15] within a hybrid star model—in which the quark core was described
with a three-flavor Polyakov–Nambu–Jona-Lasinio model—that the current astrophysical constraints
can be fulfilled provided the vector interaction is strong enough. While in [26] it is claimed that the
existence of quark cores in case of EoSs permitted by observational constraints is a common feature
and should not be regarded as a peculiarity.
The paper is organized as follows. In Section 2 we present the model and discuss how its solution,
obtained in [21], which reproduced quite well some thermodynamic quantities measured on the lattice,
can be used in the presence of a vector meson introduced here to realize the short-range repulsive
interaction between quarks in the simplest possible way. In Section 3 we compare our results for the
EoS and the M–R relation (star sequences), obtained in the extended linear sigma model (eLSM) for
various values of the vector coupling gv, to results obtained in the two-flavor Walecka model and the
three-flavor non-interacting quark model. We draw the conclusions in Section 4 and discuss possible
ways to improve the treatment of the model.
2. Methods
The model used in this paper is an N f = 2+ 1 flavor (axial-)vector meson extended linear sigma
model (eLSM). The Lagrangian and the detailed description of this model, in which, in addition to
the full nonets of (pseudo)scalar mesons, the nonets of (axial-)vector mesons are also included, can
be found in [21,22]. The model contains three flavors of constituent quarks, with kinetic terms and
Yukawa-type interactions with the (pseudo)scalar mesons. An explicit symmetry breaking of the
mesonic potentials is realized by external fields, which results in two scalar expectation values, φN
and φS.1
Compared to [21], the only modification to the model is that we include in the Lagrangian a
Yukawa term −gv
√
6Ψ¯γµV
µ
0 Ψ, which couples the quark field Ψ
T = (u, d, s) to the UV(1) symmetric
vector field, that is Vµ0 =
1√
6
diag(v0 +
v8√
2
, v0 +
v8√
2
, v0 −
√
2v8)µ. The vector meson field is treated
at the mean-field level as in the Walecka model [27], but as a simplification we assign a nonzero
expectation value only to v00: v
µ
0 → v0δ0µ and vµ8 → 0. While this assignment is not physical, in this
way the chemical potentials of all three quarks are shifted by the same amount, allowing us to use,
as shown below, the result obtained in [21]. With the parameters used in [21], the mass of the vector
meson vµ0 turns out to be mv = 871.9 MeV.
Since a compact star is relatively cold (T ≈ 0.1 keV), we work at T = 0 MeV using the
approximation employed in [21]. We have three background fields, φN, φS and v0, and the calculation of
the grand potential,Ω, is performed using a mean-field approximation, in which fermionic fluctuations
are included at one-loop order, while the mesons are treated at tree-level. Hence, the grand potential
can be written in the following form
Ω(µq; φN, φS, v0) = Umes(φN, φS)− 12m
2
vv
2
0 +Ω
(0)vac
qq¯ (φN, φS) +Ω
(0)matter
qq¯ (µ˜q; φN, φS) , (1)
1 N and S denote the the non - strange and strange condensates, which are coupled to the 3 x 3 matrices λN = (
√
2λ0 +λ8)/
√
3
and λS = (λ0 −
√
2λ8)/
√
3, with λ8 being the eighth Gell-Mann matrix and λ0 =
√
2/31.
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where µ˜q = µq − gvv0 is the effective chemical potential of the quarks, while µq = µB/3 is the
physical quark chemical potential, with µB being the baryochemical potential. On the right-hand
side of the grand potential (1), the terms are (from left to right): The tree-level potential of the scalar
mesons, the tree-level contribution of the vector meson, the vacuum and the matter part of the
fermionic contribution at vanishing mesonic fluctuating fields. The fermionic part is obtained by
integrating out the quark fields in the partition function. The vacuum part was renormalized at the
scale M0 = 351 MeV. More details on the derivation can be found in [21].
The background fields φN, φS, and v0 are determined from the stationary conditions
∂Ω
∂φN
∣∣∣∣
φN=φ¯N
=
∂Ω
∂φS
∣∣∣∣
φS=φ¯S
= 0 and
∂Ω
∂v0
∣∣∣∣
v0=v¯0
= 0 , (2)
where the solution is indicated with a bar. Since ∂/∂v0 = −gv∂/∂µ˜q, the stationary condition with
respect to v0 reads
v¯0(φN, φS) =
gv
m2v
ρq(µ˜q(v¯0); φN, φS) , (3)
where ρq(x; φN, φS) = −∂Ω(0)matterqq¯ (x; φN, φS)/∂x.
When solving the model, we give values to gv in the range [0, 3), while for the remaining 14
parameters of the model Lagrangian we use the values given in Table IV of [21]. These values were
determined there by calculating constituent quark masses, (pseudo)scalar curvature masses with
fermionic contribution included and decay widths at T = µq = 0 and comparing them to their
experimental PDG values [28]. Parameter fitting was done using a multiparametric χ2 minimization
procedure [29]. In addition to the vacuum quantities, the pseudocritical temperature Tpc at µq = 0
was also fitted to the corresponding lattice result [30,31]. We mention that the model also contains
the Polyakov-loop degrees of freedom (see [21] for details), but to keep the presentation simple we
omitted them from Equation (1), as at T = 0 they do not contribute to the EoS directly. Their influence
is only through the value of the model parameters taken from [21]: Since they modify the Fermi-Dirac
distribution function, they influence the value of Tpc used for parameterization, as described above.
A parameterization based on vacuum quantities alone could lead to unphysically large values of Tpc
and, compared to the case when Tpc is included in the fit, also to different assignments of scalar nonet
states to physical particles, that is χ2 could become minimal for a different particle assignment.
The solution of the model at gv = 0, obtained in [21], can be used to construct the solution at
gv 6= 0 (see, e.g., Chapter 2.1 of [32]): One only has to interpret the solution at gv = 0 as a solution
obtained at a given µ˜q and determine µq at some gv 6= 0 using Equations (3). To see that the solutions
φ¯N,S for gv 6= 0 can be related to the solution obtained at gv = 0, where v¯0 = 0, consider the grand
potential at gv = 0. This potential, denoted as Ω0, is subject to the stationary Conditions (2) with
solutions φ¯0N,S(µq). It is then easy to see using Equation (1), that the solution φ¯N,S(µq) of Conditions (2)
satisfies φ¯N,S(µq + gvv0) = φ¯0N,S(µq) or, changing the variable µq to µ˜q, the relation becomes
φ¯N,S(µ˜q + gvv0) = φ¯0N,S(µ˜q). (4)
The value of the grand potential Ω at the extremum can be given in terms of the value of the
grand potential with gv = 0, that is Ω0, at its extremum. With the extrema of Ω0(µ˜q, φN, φS, v0 = 0) as
φ¯0N and φ¯
0
S, one has
Ω(µq; φ¯N(µq), φ¯S(µq), v¯0) = Ω0(µ˜q, φ0N(µ˜q), φ
0
S(µ˜q), v0 = 0)−
1
2
m2vv¯
2
0 , (5)
where v¯0 ≡ v¯0(φ¯N(µq), φ¯S(µq)) = gvm2v ρq(µ˜q; φ¯N(µq), φ¯S(µq)) =
gv
m2v
ρq(µ˜q; φ¯0N(µ˜q), φ¯
0
S(µ˜q)) and µq =
µ˜q + gvv¯0.
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The pressure p and the energy density ε are calculated from the grand potential. At v0 6= 0 they
can be expressed in terms on the pressure obtained at gv = 0
p(µq) = Ω(µq = 0; φ¯N(0), φ¯S(0), v¯0(0))−Ω(µq; φ¯N, φ¯S, v¯0)
= Ω0(µ˜q = 0; φ¯0N(0), φ¯
0
S(0), v0 = 0)−Ω0(µ˜q; φ¯0N, φ¯0S, v0 = 0) +
1
2
m2vv¯
2
0
= p(µ˜q)|gv=0 +
1
2
m2vv¯
2
0 , (6)
where v¯0 =
gv
m2v
ρq(µ˜q; φ¯0N(µ˜q), φ¯
0
S(µ˜q)), and then ε = −p+ µqρq, where µq = µ˜q + gvv¯0.
With the EoS p(ε) obtained at T = 0 and high densities, we determine the mass–radius relation of
non-rotating static compact stars by solving the TOV equation [11,12] using a fourth-order Runge-Kutta
differential equation integrator with adaptive stepsize control.
3. Results
Since our eLSM model was fitted to the hadron spectrum and not to the nuclear matter, we
compare its results with those obtained in two relativistic models generally used in the description
of compact stars, in order to assess the importance of various ingredients involved in these models.
For comparison we consider the three-flavor non-interacting constituent quark model (see, e.g., [33,34])
and the Walecka model, which in its simplest form contains the proton and neutron, the scalar-isoscalar
meson σ and the isoscalar-vector meson ω [27]. The use of the Walecka model for the description of
the neutron stars requires charge neutrality, which calls for the introduction of the ρ meson in order to
have a proper description of the nuclear symmetry energy [34].
In the non-interacting constituent quark model the masses are fixed to mu = md = 75 MeV, ms =
365 MeV, values obtained from our eLSM at the first order chiral phase transition point, that is at
µq,c ≈ 323 MeV, where the potential is degenerate. The calculation of the energy density and pressure
was done with the bag constant B1/4 = 163 MeV. Including electrons in the model, the conditions of
β-equilibrium and charge neutrality were taken into account.
We use two mean-field versions of the Walecka model, one that includes the effect of the scalar
self-interaction through a classical potential with cubic and quartic terms of the form
VI,σ =
b
3
mN(gσσ)3 +
c
4
(gσσ)4, (7)
and a version where the scalar self-interaction is neglected. Using mσ = 550 MeV, mω = 783 MeV, and
mρ = 775.3 MeV for the mesons and mN = 939 MeV for the nucleon mass; the parameters are fixed
from nuclear matter properties: The value n0 = 0.153 fm−3 for the saturation density (where p = 0), the
nuclear binding energy per nucleon E0 = (ε/n0−mN) = −16.3 MeV, the symmetry energy coefficient,
for which we take the value asym = 31.3 MeV [35], and in the version with scalar self-interactions
there is also the compression modulus K = 250 MeV and the Landau mass mL = 0.83mN . The values
of the parameters used here are basically those of [33]: For the value of the Yukawa couplings of
the mesons to the nucleons, one has g2σ = 9.5372/(4pi), g2ω = 14.717/(4pi), and gρ = 6.8872 when
the scalar self-interaction is neglected, while in the other case g2σ = 6.003/(4pi), g2ω = 5.9484/(4pi),
gρ = 8.3235, b = 7.95 · 10−3, and c = 6.947 · 10−4. For a recent study of the effect of K, mL and of the
form of the scalar potential on the mass–radius relation, we refer the interested reader to [36].
The EoS of the Walecka model subject to the constraints of β-equilibrium and charge neutrality
is applicable only to the core of the compact star. A proper phenomenological description requires
the modeling of the stellar matter in the crust and of the crust–core transition. In the present work
we only implement, using the tabulated data from Table 5.7 of [34], the BPS EoS [37] for the outer
crust of a neutron star whose core is described by the EoS of the Walecka model. This is done by
simply replacing, at low energy densities, corresponding to densities below the neutron drip line,
ρB ≤ 0.01 fm−3, the EoS of the Walecka model with the BPS EoS, as indicated in the right panel of
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Figure 1. More sophisticated procedures for core–crust matching are described in [38] together with
their influence on the M(R) relation. A realistic description of astrophysical data would require an
additional matching to an EoS for the inner crust that applies for densities above the neutron drip
density. This is beyond the scope of our present study and we refer the interested reader to a recent
review [39] that provides a detailed discussion of the neutron star crust matter and of the EoS of dense
neutron star matter. Convenient analytic parameterizations of unified EoSs derived from a single
model and describing the crust and the core of the neutron star are given in [40].
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Figure 1. Left panel: The T = 0 equation of state (EoS) of the extended linear sigma model (eLSM) (blue
solid line for gv = 0 and blue dashed-dotted line for gv = 2) compared to those of the free constituent
quark matter with mass values given in the text (green solid line) and of the Walecka model with (black
lines) and without (red lines) the scalar self-interaction. For the latter model the dashed–dotted line
type indicates that β-equilibrium and charge neutrality are imposed, the ρ meson is included, and
that at low energy densities the EoS is replaced by the BPS EoS. Right panel: Matching the EoS of the
Walecka model to the BPS EoS (see the text for details). Notice that the consequence of imposing the
mentioned compact star constraints (inclusion of electrons and ρ) in the Walecka model is that p(ε) > 0
even at low energy densities.
The zero-temperature EoSs are shown in Figure 1. For the Walecka model, we also consider the
case when charge neutrality condition and β-equilibrium with electrons are not imposed and the
BPS EoS is not used. We can see in Figure 1 that at small energy densities the pressure in the eLSM
with gv = 0 is slightly higher than in the non-interacting quark model (i.e., the EoS is stiffer), but
close to the value of the pressure obtained in the Walecka model with scalar self-interaction. This
shows that the inclusion of scalar interactions in the Walecka model brings the EoS closer to that of
the eLSM, as in case of the Walecka model the higher pressure corresponds to the non-interacting
model. At high energy densities the values of the pressure in the eLSM with gv = 0 approach those
obtained in the non-interacting quark model. Inclusion of the repulsive interaction between quarks in
the eLSM renders the EoS stiffer compared to the gv = 0 case, as expected, and it brings the EoS of the
eLSM closer to that obtained in the Walecka model with scalar self-interaction. It is worth noting that
relatively small differences in the p(e) lead to significant differences in the M–R curves, as we shall see
later in Figures 2 and 3.
Universe 2019, 5, 174 6 of 11
0 0.5 1 1.5 2 2.5
0
0.5
1
1.5
2
2.5
3
ε0 [GeV/fm
3]
M
[M
⊙
]
 
 
eLSM, g
v
= 0
eLSM, g
v
= 2
Free quark
Walecka (e, ρ), BPS
Walecka (Int, e, ρ), BPS
0 0.5 1 1.5 2 2.5
4
6
8
10
12
14
ε0 [GeV/fm
3]
R
[k
m
]
 
 
eLSM, g
v
= 0
eLSM, g
v
= 2
Free quark
Walecka (e, ρ), BPS
Walecka (Int, e, ρ), BPS
Figure 2. The masses (left panel) and radii (right panel) of the compact stars as functions of the central
energy density (ε0). The line style for the different cases correspond to that of Figure 1.
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Figure 3. Mass–radius relations for the eLSM (blue solid line for gv = 0 and blue dashed–dotted
line for gv = 2), the free constituent quark matter (green solid line), and the Walecka model for the
various cases of Figure 1. The ends of the stable sequences of compact stars are marked by blobs. The
observational constraint set by observed pulsars with masses of ∼ 2 M is represented by the black
horizontal line, and the applied radius window of 11.0–12.5 km at 2 M is depicted by the vertical
shaded area. The different shaded regions are excluded by the GR constraint R > 2GM/c2, the finite
pressure constraint R > (9/4)GM/c2, causality R > 2.9GM/c2, and the rotational constraint based on
the 716 Hz pulsar J1748-2446ad, M/M > 4.6 · 10−4 (R/km)3 [41]. For a more detailed discussion on
these constraints see, e.g., [8].
By solving the TOV equation using a specific EoS, one can obtain the radial dependence of
the energy density (and thus of the pressure) for a certain central energy density, ε0. One can then
determine the mass and radius of the compact star for that central energy density. By changing ε0,
one gets a sequence of compact star masses and radii parameterized by the central energy density, as
shown in Figure 2 for various models. The sequence of stable compact stars ends when the maximum
compact star mass is reached with increasing central energy density.
The mass–radius relations for the four models are shown in Figure 3 together with the physical
constraints obtained from observations of binary pulsar systems and X-ray binaries. As expected
based on Figure 5.23 of [34], the proper treatment of the neutron star outer crust by the BPS EoS that
corresponds to a Coulomb lattice of different nuclei embedded in a gas of electrons has a remarkable
influence on both the mass and the radius of the star (see also Figure 4): Without the BPS EoS, the
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turning point at the smallest radius of that part of the mass–radius diagram which corresponds to
large stars with small masses is around 8 km (9 km) in the Walecka model with (without) scalar
self-interactions and the minimum mass of the stars with large radii is much smaller. In addition,
without the constraints of charge neutrality and β-equilibrium with electrons and without the effect of
the ρ meson, even the shape of the M(R) curve obtained in the Walecka model is different.
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Figure 4. Left panel: The energy density as a function of radial coordinate inside the maximum mass
compact star corresponding to the eLSM with gv = 0. The chiral phase transition occurs at the very
edge of the star, hence the whole star is basically composed of chirally symmetric quark matter. Right
panel: To ilustrate the effect of the BPS EoS in the Walecka model, we show the pressure as a function
of the radial distance for a central energy density of ε0 = 7 · 108 MeV4.
As it can be seen in Figure 3, the maximum possible compact star mass is lower for models with
less stiff EoSs. The star sequences corresponding to the non-interacting quark model, the Walecka
model with scalar interactions, but without compact star constraints (no electrons and ρ included),
and the eLSM model without repulsive interaction in the vector sector do not lie in the desired radius
window. The highest mass compact star has a mass of∼1.7 M for the eLSM with gv = 0, ∼1.3 M for
the non-interacting quark model, ∼3 M for the non-interacting Walecka model, and ∼2 M for the
interacting Walecka model. It is interesting to note that the star sequence in the eLSM model without
repulsive interaction is close to the one of the Walecka model with scalar interaction but without
compact star constraints, although the latter contains repulsive interaction as well. As expected, the
repulsive interaction makes the EoS stiffer in the eLSM, and for gv = 2 a mass value of ∼2.15 M can
be reached with a radius at M = 2 M in the permitted radius window. Based on Figure 1, one can
observe that, interestingly, it is the stiffer EoS for ε < 0.8 GeV/fm3, as compared to the Walecka model
including scalar interactions and not subject to compact star constraints, that brings the star sequence
to the desired range in the eLSM with repulsive interaction.
The energy density as a function of radial position is shown in Figure 4 for the maximum mass
compact star obtained with the EoS of the eLSM with gv = 0. Since the chiral phase transition occurs
at µq,c ≈ 323 MeV, which essentially corresponds to zero pressure, almost all of the matter in the
compact star is in the chirally symmetric phase (i.e., e corresponds to µq > µq,c ≈ 323 MeV). In the
right panel we illustrate in the case of the Walecka model how the BPS EoS, which models the outer
crust, influences the solution of the TOV equation.
In Figure 5 we compare M(R) curves obtained in the non-interacting quark model at the three
different sets of quark masses listed in the caption (two of them come from the eLSM at the value of
µ indicated in the key) and in the interacting eLSM model with gv = 0. For the free quark model,
the quark masses increase from right to left, as indicated in the caption, while in case of the eLSM
the quark masses change (decreasing with increasing baryochemical potential) and their masses are
smaller than or equal to that of the leftmost curve and always larger than that of the rightmost curve
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obtained in the free quark model. This clearly shows the significant effect of interactions on the M–R
curve. The dashed lines show that neglecting the constraints of charge neutrality and β-equilibrium in
the non-interacting quark model does not lead to significant changes. Consequently, we also expect
these constraints to have a mild effect in the eLSM.
3 4 5 6 7 8 9 10 11
0
0.5
1
1.5
2
R [km]
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eLSM, g
v
= 0
Free current quark
Free const. quark, µq,c
Free const. quark, µq=0
Figure 5. M(R) curves of the non-interacting quark model with three different quark mass setups (left
curve: mu = md = 322 MeV, ms = 458 MeV; middle curve: mu = md = 75 MeV, ms = 365 MeV; and
right curve: mu = md = 0 MeV, ms = 90 MeV) compared to the M(R) curve of the eLSM model with
gv = 0 in which the quark masses change (rightmost curve). The dashed curves are obtained without
imposing the constraints of charge neutrality and β-equilibrium.
Finally, in Figure 6 we show the influence of the repulsive interaction on the mass–radius relation
obtained in the eLSM. With increasing vector coupling, the EoS becomes stiffer, and more massive and
larger stable stars can be attained. For gv = 2 the star sequence is in the permitted radius window at
M = 2 M, and the largest mass is ∼2.15 M. Beyond a certain value of the coupling, the pressure
becomes positive for all positive values of the energy density, which results in star sequences that
contain large stars with small masses. Qualitatively similar results were reported in [23].
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Figure 6. Dependence of the mass–radius relations on the strength of the Yukawa coupling gv between
quarks and the vector meson in the eLSM model.
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4. Conclusions
We employed the zero-temperature EoS obtained with some approximations in the eLSM to
determine the mass–radius relation of compact stars, assumed to consist of matter described by this
model, and compared the resulting mass and radius values to those given by the two-flavor Walecka
model and the three-flavor non-interacting quark model. The mass–radius sequence obtained in the
eLSM without repulsive interaction mediated by a vector meson is close to that emerging from a
Walecka model which includes the self-interaction of scalar mesons, but contrary to the EoS of that
model, it can not reach the desired 2 M mass value. The repulsive interaction in the eLSM model
makes the EoS stiff enough to support, in some narrow range of the Yukawa coupling, compact stars
with masses larger than 2 M and in the radius window of 11.0–12.5 km at M = 2 M, suggested by
previous studies.
In the future, we would like to go beyond the mean-field approximation, used for the mesons in
the eLSM, in a way that takes into account the effect of fermions in the mesonic fluctuations. At lowest
order, this can be done by expanding to quadratic order the fermionic determinant obtained after
integrating out the quark fields in the partition function and performing the Gaussian integral over
the mesonic fields. In order to have a physically more reliable description, we also plan to include the
charge neutrality and β-equilibrium conditions and improve the treatment of the interaction between
vector mesons and quarks employed here.
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